The coupling between solid state diffusion and mechanical stress arises in a number of important technological applications. The theory that describes such coupling is termed chemo-elasticity. In this paper, a solution approach is developed for two-dimensional chemo-elasticity problems. First, a coupled system of nonlinear partial differential equations is derived in terms of an Airy stress function and the solute concentration. Then, this coupled system of nonlinear equations is solved asymptotically using a perturbation technique. Finally, based on this approach, asymptotic solutions are obtained for three fundamental problems in two-dimensional chemo-elasticity, namely, a circular hole in an infinite plate under uniaxial tension, a straight edge dislocation and a disclination.
Introduction
In this paper, chemo-elasticity refers to the coupled theory of solid state diffusion and deformation in elastic solids. It deals with the thermodynamics of mechanically stressed solids that may change their composition through either solute redistribution within the solids, or mass exchange with the surrounding environment. Chemo-elasticity problems may arise in a number of technological areas including ionic solids in fuel cells (Swaminathan et al., 2007a,b) , intercalation in batteries (Burch and Bazant, 2009; Bai et al., 2011; Cogswell and Bazant, 2012; Cui et al., 2012a Cui et al., ,b, 2013a , and the growth of porous biogenic single crystals (Kienzler et al., 2006; Fratzl et al., 2010) , just to name a few. In these applications, the solute is driven into or out of a host solid by various (electro-) chemical and mechanical deriving forces. A free-standing stress-free material element may expand (or shrink) to accommodate the solute insertion or extraction. However, such volumetric change may be restricted by either the surround materials or by the mechanical constraint imposed by the boundary conditions. Restriction to the composition-induced volumetric change will lead to mechanical stress in the solid. On the other hand, the stresses in the solid may affect solute diffusion in the solid. For instance, in thin film electrodes deposited on a substrate, the volumetric changes are restricted by the underlying current collector (Graetz et al., 2004) . In the biomimetic growth of porous single crystals, cavities form and grow to accommodate significant volume reduction caused by crystallization of the amorphous precursor. However, formation of cavities gives rise to stress concentration and could increase the risk of failure (Fratzl et al., 2010) . It is, therefore, of interest to investigate the interactive effects of the presence of the solute in the matrix on the mechanical stress fields.
Although chemo-elasticity problems have been investigated since the 1930s, e.g., (Fowler and Guggenheim, 1939) , the development of a systematic framework is due to Larche and Cahn (1973) . For a solid under chemical equilibrium, they showed that it is possible to introduce a set of modified material properties, namely open-system elastic constants, which account for the interplay between the non-uniform stress field and concentration within a linearized regime. This method hinges upon linearization of the chemical field in terms of stress components, and has been employed in the study of dislocations (Larche and Cahn, 1985; Sofronis, 1995) , precipitates and inclusions (Johnson and Voorhees, 1985; King et al., 1991) and redistribution of solute in various interstitial sites in crystalline metals (Johnson and Huh, 2003; Voorhees and Johnson, 2004) .
In this paper, we build upon Larche and Cahn's general framework (Larche and Cahn, 1973) , and develop a solution approach to two-dimensional chemo-elasticity problems. By using the Airy stress function, we derive a coupled system of nonlinear partial differential equations for the Airy stress function and the solute concentration. Since an analytical solution does not seem to be feasible, we present a perturbation scheme that leads to an asymptotic solution for the coupled system of nonlinear equations. The small parameterĝ used in the perturbation scheme is a dimensionless parameter representing the coupling between the mechanical and chemical fields. Based on this approach, we obtain analytically the asymptotic solutions up to the second order ofĝ for three http://dx.doi.org/10.1016/j.ijsolstr.2014.11.025 0020-7683/Ó 2014 Elsevier Ltd. All rights reserved.
fundamental problems in two-dimensional chemo-elasticity, namely, a circular hole in an infinite plate under uniaxial tension, a straight edge dislocation and a disclination. We also demonstrate that, for traction-prescribed problems, the leading order term in our asymptotic solution is equivalent to the solution obtained by Larche and Cahn (1973) using the open-system elastic constant approach.
The paper is arranged as follows. In Section 2, we derive the three-dimensional governing equations in chemo-elasticity. The corresponding two-dimensional equations are derived in Section 3 by introducing an Airy stress function. This system of two-dimensional equations are solved in Section 4 by an asymptotic approach whereby the field quantities are expanded in terms of the perturbation parameterĝ. This asymptotic approach allows us to reduce the governing coupled nonlinear equations into a set of linear decoupled equations which can be solved recursively to obtain the higher order elastic and concentration fields. Using this asymptotic perturbation method, we investigate the disturbance of the concentration field as well as the elastic fields caused by the emergence of a hole, dislocation, and disclination under plane stress and/or plane strain conditions in an infinite medium. The connection between the asymptotic approach and the method of opensystem material constants is also discussed. Finally, in Section 5, we conclude by summarizing the main findings of this work.
Governing equations for solid state diffusion
Without loss of generality, we consider an elastic solid A x B that consists of species A and species B. It is assumed that the concentration of A in A x B may vary from x = 0 to x = x max , where x max is the solvability of A in B. One may also view species A as the solute and species B as the solvent. Furthermore, we assume that the solid in consideration can be represented by the network model of Larche and Cahn (1973) , namely, the lattice sites of species B form a network within which species A can move (diffuse). This allows the definition of a displacement field and hence a strain field of the solid. To simplify the mathematics, we will only consider small strain deformation in the rest of this paper.
In the following, it is convenient to define molar concentration of the solute per unit volume of the solvent as c ¼ x=V m , where V m is the molar volume of the pure solvent in its stress-free state. We assume that the solute-free solvent corresponds to a stress-free state, and the compositional change of the mixture causes a volumetric deformation according to
where d ij is the Kronecker delta, g is the coefficient of compositional expansion (CCE), which is a material property that characterizes the linear measure of the volumetric change due to unit change of the composition (Swaminathan et al., 2007a,b) . For a given material, the CCE can be obtained either experimentally, or by conducting molecular dynamic simulations (Swaminathan and Qu, 2009; Cui et al., 2012a,b,c) . The total strain caused by the compositional change and applied load can be written as
where u i is the displacement and e e ij is the elastic strain. The total strain needs to satisfy the compatibility condition, e pki e qlj e ij;kl ¼ 0;
ð3Þ where e pki is the permutation symbol.
We further assume that the solid is linear elastic so that its elastic state is uniquely determined by the elastic strain energy function 
In the absence of body forces, the stress needs to satisfy the static equilibrium equations,
In this stressed-solid, the chemical potential of species A will depend on the stress (Larche and Cahn, 1973) . By assuming small strain and composition-independent isotropic elasticity, the stress-dependent chemical potential (more precisely, the diffusion potential of species A in species B) can be derived from the general expression of (Swaminathan et al., 2007a,b; Cui et al., 2012a,b,c) ,
where l 0 is a constant representing the chemical potential at a standard state, R g is the standard gas constant, T is the absolute temperature, c is the molar concentration of the solute, and c max ¼ x max =V m corresponds to the saturation state of the solution. The particular choice of the potential ensures that the stoichiometric state has the lowest energy (i.e., l ! À1 as c ! 0), and the state of saturation has the highest energy (i.e., l ! 1 as c ! c max ).
The governing equations presented above are valid within the elastic solid of interest. The stress and solute concentration within the solid depend also on what happens at the boundary of the solid. Therefore, boundary conditions are required in order to uniquely determine the stress and solute concentration fields.
Consider an elastic solid X with surface S with outward unit normal vector n i . As usual, the mechanical boundary conditions can be prescribed as
where S u þ S r ¼ S and p j and U i are, respectively, the prescribed traction and displacement on the boundary. The chemical boundary conditions can be specified as
where S l þ S J ¼ S, and l s and J s are, respectively, the prescribed chemical potential and the flux on the boundary.
Two-dimensional plane problems under electrochemical equilibrium
We assume that all field quantities are functions of x 1 and x 2 only, i.e., ; r 12 ¼ À
With the help of (14)- (17) and (2), we can rewrite (16) as
Next, consider the case when the chemical field is in equilibrium,
i.e., the chemical potential given by (8) is a constant l eq over the entire domain and independent of time, i.e.,
where, according to (17) and the second of (15), the hydrostatic stress in (19) can be expressed as
We now have derived a system of two partial differential equations, (18) and (19), for the two unknowns, u and c. In conjunction with the boundary conditions (9) and (10), they form a boundary value problem for the field quantities u and c. Once u and c are known for a given set of boundary conditions, the corresponding twodimensional chemo-elasticity problem under chemical equilibrium can be obtained, because the corresponding stress, strain and displacement fields can be obtained from u and c by using (17), (14) and (2).
We note that the boundary value problem for u and c is nonlinear due to the nonlinear relationship between the solute concentration c and the hydrostatic stress r kk . Proving the existence and uniqueness of this nonlinear boundary value problem rigorously is beyond the scope of the present study. Nevertheless, engineering intuition seems to indicate that the solution to certain boundary conditions should exist and unique. In what follows, we will investigate such solutions for a few important engineering problems.
To this end, we rewrite the governing equations (19) and (18) into the following dimensionless form,
ð1 À smÞ
whereĉ eq is essentially the solute concentration in the absence of the stress, and ' is a characteristic length pertinent to the problem. The barred harmonic and biharmonic operators operate with respect to the spatial coordinates normalized by the length scale '. By solving this system of equations, one can obtain the dimensionless solute concentrationĉ, and the dimensionless Airy stress functionû.
Once the dimensionless stress functionû and solute concentrationĉ are known, the corresponding strain field can be obtained from (14) and (15). Integrating (14) gives the expressions of the displacements u 1 and u 2 . As a result of the integrations, the expressions of u 1 and u 2 contain unknown functions f ðx 2 Þ and gðx 1 Þ, respectively. Substituting u 1 and u 2 into (15) yields two second order ordinary differential equations for f ðx 2 Þ and gðx 1 Þ, respectively. Solutions of these differential equations with proper boundary conditions provide the complete solution to the chemoelasticity problem. Detailed steps in obtaining the displacement fields in polar coordinate systems are discussed in Appendix B.
Under chemical equilibrium, the flux vanishes. Thus, the only nontrivial chemical boundary condition is the first of (10), which can be written as
The mechanical boundary conditions (9) still hold. Clearly, this system is highly nonlinear. Explicit analytical solution does not seem to be possible. In Section 4, we will attempt an asymptotic solution for smallĝ.
Before closing this section, we remark that the chemical equilibrium condition (19) means that the system under consideration is open to and maintains in equilibrium with a reservoir of infinite extent that maintains a constant chemical potential l eq . Therefore, l eq represents the magnitude of the chemical loading. Further, con-
In other words, the concentration is bounded by 0 < c < c max , unless the hydrostatic stress has singularities (! AE1), in which case, c ¼ 0 and/or c ¼ c max may be possible.
Asymptotic solutions of two-dimensional plane problems under chemical equilibrium
We begin with the ansatz, c ¼ĉ eq ð1 þĉ 1ĝ þĉ 2ĝ 2 þ Á Á ÁÞ;û ¼û 0 þû 1ĝ þû 2ĝ 2 þ Á Á Á :
Next, substituting (26) into (21) and (22), and expanding the logarithm function into power series ofĝ. Then, in the resulting equations settingĝ ¼ 0 yields, 
Clearly, these equations are linear. More importantly, the mechanical and chemical fields are decoupled forû 0 andû 1 in that their governing equations are independent of the solute concentration. In fact, their governing equations are identical to the two-dimensional elasticity equations. Therefore, one can take advantage of the known elasticity solutions. Onceû 0 andû 1 are known, the solute concentrationĉ 1 andĉ 2 can be evaluated without the need of solving any additional equations. In other words, once the elasticity solutions are known, the corresponding chemo-elasticity solutions can be obtained without solving additional equations. Of course, to obtain the second order stress fields, Eq. (34) will need to be solved. We also note that the governing equations for the stress functionsû 0 andû 1 are identical to their counterparts in two-dimensional elasticity. It then follows from (17) that the corresponding stresses should also be the same as their counterparts in twodimensional elasticity. This seems to indicate that the two leading order terms in the stress field are decoupled from the solute concentration c. However, this is true only for problems under prescribed traction boundary conditions, where the equilibrium equations can be solved without invoking the constitutive equations. For problems under displacement-boundary conditions, the equilibrium equations will need to be solved in conjunction with the constitutive equations (14) and (15), which results in the coupling between the stresses and the solute concentration c.
In the following, we will follow the approach outlined above to derive the solutions to some chemo-elasticity problems that have well-known corresponding elasticity solutions.
A Circular hole in a tensile field under chemical equilibrium
Consider a plate of infinite extent containing a circular hole of radius a. Let the plate be subjected to a uniform tension r 1 in the x 2 -direction, see Fig. 1 . Further, we assume that the plate is embedded in an infinite reservoir so that it maintains a uniform chemical potential l eq throughout. It then follows from (19) that
where c 1 ¼ĉ 1 c max is the solute concentration far away from the hole, andĉ eq is the concentration in the absence of the stress. Our goal is to find the non-uniform distributions of stress and solute concentration near the hole under chemical and mechanical equilibrium. Since it is a plate, we will consider the deformation to be plane stress, i.e., s ¼ 0.
For convenience, we have introduced the dimensionless polar coordinates q and h such that x 1 ¼ 'q cos h and x 2 ¼ 'q sin h, and the radius of the hole is taken as the characteristic length in (23) 
Consequently, the second of (32) yieldŝ
It can be easily verified that the above stress fields satisfy the boundary conditions at infinity q ! 1, and at the traction-free surface of the hole q ¼ 1 as stated in (36) and (37). The stresses corresponding toû 1 must then satisfy homogeneous boundary conditions at both q ! 1 and q ¼ 1. Sinceû 1 must also satisfy the homogeneous biharmonic equation, see the first of (33), one can conclude that
This result indicates that the presence of the chemical field does not affect the stress field up to the first order inĝ. It is shown in Fig. 1 . A plate with a circular hole subject to uniaxial tension.
Appendix A that the leading order solutions (39)-(42) are consistent with the results of Larche and Cahn (1985) . The second of (33) suggests that
To obtain the second order stress field around the hole, one needs to solve (34). By making use of (44) 
The expressions given in (50) can be further simplified by expandingĉ eq given in (51) into power series ofĝ, and retaining only terms up to the order ofĝ 2 . Thus,
Several observations can be made. First, note that the stress concentration factor, i.e. the ratio of the maximum hoop stress which occurs at q ¼ 1, h ¼ 0 over the far field stress r 1 , r hh r 1 q¼1; h¼0
is smaller than 3 only whenĉ 1 < 0:5, suggesting that the chemical field could both magnify or attenuate the stress concentration depending on the magnitude of the far-field solute concentration. Second, appearance of the hole disturbs the solute distribution, and creates a ''concentration'' of the solute concentration near the hole. To the leading order, the concentration factor of the solute concentration near the hole is 2ð1 Àĉ 1 Þĝr 1 =E, which occurs at h ¼ 0 and h ¼ p. The disturbance of the hole decays as 1=q 2 , and the solute concentration, as expected, approaches the prescribed valueĉ 1 c max as q ! 1. Third, the second order effect of the stress on concentration is always positive if the prescribed initial solute concentration is less than half of the solvability, i.e.ĉ 1 < 0:5, or vice versa. Fourth, if the prescribed initial solute concentration is c max , i.e.,ĉ 1 ! 1, then the concentration will remain as c max without being disturbed by the hole, unless the applied stress field is infinite. Clearly, this theoretical limit is not possible under the chemical condition unless the applied stress is infinite, see (25). Finally, it is clear that the appearance of a hole will not disturb the solute concentration unless a stress is applied.
To visualize the effect of the hole, the variation of solute concentration on the hole surfaceĉða; hÞ=ĉ 1 is plotted as a function of h in Fig. 2 . The solid line is for the case when the mechanical and chemical fields are decoupled, i.e.,ĝ ¼ 0. The dashed lines are forĝr 1 =E ¼ 0:1, andĉ 1 ¼ 0:1 andĉ 1 ¼ 0:6, respectively. It is seen that the concentration at h ¼ 0 is amplified by the tensile stress, while the concentration at h ¼ p=2 is attenuated by the compressive hydrostatic stress.
An edge dislocation under chemical equilibrium
Consider a large elastic solid containing a straight edge dislocation of Burgers vector b in the x 2 -direction. Let the dislocation core be located at x 1 ¼ x 2 ¼ 0, and the line of dislocation is perpendicular to the x 1 -x 2 plane. Further, we assume that the solid is embedded in an infinite reservoir so that the solute concentration far away from the dislocation core is given by c 1 ¼ĉ 1 c max . Here we consider plane strain conditions, i.e., s ¼ 1. Thus, the far-field inplane stresses vanish, and the only non-zero component of stress is r 33 ¼ ÀE c maxĉ 1 . It follows from (19) that
This equation establishes the relation between the far field concentrationĉ 1 , and the stress-free equilibrium concentrationĉ eq . Our goal is to find the non-uniform distributions of stress and solute concentration near the dislocation under chemical and mechanical equilibrium.
Since the Burgers vector is in the x 2 -direction, the displacement field needs to satisfy the following displacement jump condition u h ðr; 0Þ À u h ðr; 2pÞ ¼ b:
Motivated by the known elasticity solution, we consider which satisfies the first of (32). Naturally, we choose b, the magnitude of the Burgers vector, as the characteristic length, i.e. ' ¼ b. 
We note that the last term in (59) represents a uniform deformation induced by the uniform solute concentration c eq . The first order concentration field follows directly from substituting (57) into the second of (32),
To obtain the first order stress field, we notice that according to the first of (33),û 1 must be biharmonic. By trial and error, we found that 
Here it is noteworthy to point out that the displacement field is single-valued. Except for a uniform strain field, the first order solution obtained above can also be obtained by the method of open-system elastic constants of Larche and Cahn (1973) , see Appendix A.
To obtain the second order solution, we substitute (61) and (62) 
An important quantity associated with a dislocation is its line energy W. Making use of the solutions above, it is straightforward to calculate,
is the line energy of an edge dislocation in a solid without any solute. Fig. 4 shows how dislocation line energy varies withĉ eq forĝ c max ¼ 0:1, 0.2 and m ¼ 0:3. The presence of solute concentration below the saturation level, i.e.ĉ eq < 1, decreases the self-energy of the dislocation. Note that the first order solution yields an underestimate of the line energy over a wide range ofĉ eq . Fig. 3 . A straight edge dislocation.
The solutions derived above are valid under plane strain conditions. The corresponding plane stress solutions are summarized in Appendix C.
A wedge disclination under chemical equilibrium
Consider an infinitely extended elastic medium containing a wedge disclination defined by the displacement boundary condition
where x is the wedge angle. Further, the solid is embedded in an infinite reservoir so that the solid is under chemical equilibrium.
Since there is no characteristic length in this problem, the formulation should remain valid for any arbitrary length scale ', where q ¼ r=' . Under plane strain conditions, the classical stress 
The corresponding displacement field is
The procedure to obtain the higher order stress, concentration and displacement fields are analogous to those outlined in the preceding sections. In the following, only the results are summarized here. ½1 þ log qð3 þ log qÞ;
Àĉ eq Þð3 À 4ĉ eq Þð1 þ mÞ'q;
It seen that the stress is logarithmic singular at the disclination core q ¼ 0. This is a much weaker singularity than the stress field at the dislocation core. In fact, the disclination line energy is bounded over any finite region encircling the core. Therefore, the line energy can be calculated as 
where, in theory, R ! 1. In practice, however, infinite crystals do not exist and R is usually taken as the size of the crystal or the distance between the disclination and other defects. If the R is taken as the characteristic length, i.e., ' ¼ R. Then, the line energy (91) can be evaluated by using the solutions derived above,
where
is the line energy of a wedge disclination in a solid without any solute. Fig. 6 shows how the disclination line energy varies withĉ eq for g c max ¼ 0:1, 0.2 and m ¼ 0:3. The presence of solute concentration below the saturation level, i.e.ĉ eq < 1, decreases the self-energy of the dislocation. Note that, unlike in the case of dislocation, the first order solution yields an underestimate of the line energy over a wide range ofĉ eq (Figs. 3 and 5) . 
Summary and conclusions
In this paper, governing equations for two-dimensional chemoelasticity problems were formulated in terms of an Airy stress function and the solute concentration. A perturbation approach was developed to solve these equations asymptotically. This newly developed approach provides a powerful tool to solve two-dimensional chemo-elasticity problems. To illustrate the solution procedure, three fundamental problems in chemo-elasticity were solved, namely, a circular hole in an infinite plate under uniaxial tension, a straight edge dislocation and a disclination.
In addition to developing the solution methodology for twodimensional chemo-elasticity problem, other major findings of the present study include the followings.
1. For traction-prescribed chemo-elasticity problems, the OSEC solution of Larche and Cahn (1973) corresponds to the leading term in our asymptotic solution. When the problem contains displacement boundary conditions, the OSEC solution may not yield the correct displacement fields. 2. When a plate containing a circular hole is subjected to uniaxial tension, the stress concentration near the hole is reduced unless the far-field solute concentration is greater than 50% of the solvability. In addition, the uniaxial tension leads to higher solute concentration near the equator, and lower concentration near the poles. 3. In the presence of solute concentration, the self-energy (line tension) of a straight edge dislocation could be reduced by almost 20%. This implies that dislocations in such coupled chemo-mechanical field are easier to bow out. Consequently, yield strength might be reduced.
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Appendix A. Open-system elastic constants Cahn (1973, 1985) had proposed an approach that uses the open-system elastic constants (OSEC) to solve chemoelasticity problems. In this Appendix, we will show that the OSEC approach is in essence the first order solution presented in this paper. For simplicity, we will consider only plane stress deformation. The proof for plane strain deformation can be obtained analogously.
According to Larche and Cahn (1985) , the OSEC for isotropic solids are defined as where e ab is defined as the strain with respect to the uniform deformation c maxĉeq induced by the uniform concentrationĉ eq . If one treats r ab and e ab as the stress and strain fields in a surrogate material with effective elastic constants E Ã ðĉ eq Þ and m Ã ðĉ eq Þ, then the original chemo-elasticity problem can be reduced to a corresponding elasticity problem in this surrogate problem. Thus, one may simply use the existing elasticity solutions as the solutions for the corresponding chemo-elasticity problem by replacing the elastic constants with the OSEC E Ã ðĉ eq Þ and m Ã ðĉ eq Þ. This greatly facilitates the solution to the chemo-elasticity problems.
As pointed out by Larche and Cahn (1985) , the solution from the above OSEC approach is valid ''far away from spinodals and critical points'' since only the average solute concentration is used. Another point worth mentioning is that the strain e ab obtained from the OSEC approach differs from the strain in the actual chemo-elasticity problem by c maxĉeq d ab . In other words, the actual strain in the chemo-elasticity problem is e ab ¼ e ab þ c maxĉeq d ab .
Thus, to obtain the displacement field for the chemo-elasticity problem, one must use e ab instead of e ab . This leads to difficulties in using the OSEC approach to solve chemo-elasticity problems when displacement boundary conditions are prescribed, particularly ifĉ eq is not spatially uniform.
Next, we show that the solution obtained from the OSEC approach is the first order term in the asymptotic solution obtained in this paper. To this end, we make use of (26) in (14) in conjunction with (17) to obtain FðhÞ ¼ C 1 cos h þ C 2 sin h; gðqÞ ¼ C 3 q:
ðB:9Þ
In the above, C n , n = 1, 2, 3, are constants to be determined by the boundary conditions. 
